In this paper, preamble-based least squares (LS) channel estimation in OFDM systems of the QAM and offset QAM (OQAM) types is considered, in both the frequency and the time domains. The construction of optimal (in the mean squared error (MSE) sense) preambles is investigated, for both the cases of full (all tones carrying pilot symbols) and sparse (a subset of pilot tones, surrounded by nulls or data) preambles. The two OFDM systems are compared for the same transmit power, which, for cyclic prefix (CP) based OFDM/QAM, also includes the power spent for CP transmission. OFDM/OQAM, with a sparse preamble consisting of equipowered and equispaced pilots embedded in zeros, turns out to perform at least as well as CP-OFDM. Simulations results are presented that verify the analysis.
I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) is currently enjoying popularity in both wired and wireless communication systems [2] , mainly because of its immunity to multipath fading, which allows for a significant increase in the transmission rate [23] . Using the cyclic prefix (CP) as a guard interval, OFDM can "reform" a frequency selective channel into a set of parallel flat channels with independent noise disturbances. This greatly simplifies both the estimation of the channel as well as the recovery of the transmitted data at the receiver. However, these advantages come at the cost of an increased sensitivity to frequency offset and Doppler spread. This is due to the fact that, although the subcarrier functions are perfectly localized in time, they suffer from spectral leakage In the sequel, the task of using extra (more than the minimum required L h ) pilot tones in a sparse preamble is considered and it is shown that no extra gain is provided. Furthermore, the case of including data symbols in addition to the pilots, in order to save bandwidth, is also considered and it is shown to result in a performance degradation for both OFDM systems. Full and sparse preambles are compared and turn out to ultimately yield the same estimation performance. The comparison of optimal sparse preambles for CP-OFDM and OFDM/OQAM turns out to be generally in favor of the latter. We present simulations results that confirm the theoretical analysis.
The rest of the paper is organized as follows: In Section II, we describe the discrete-time baseband equivalent model for the OFDM/OQAM and CP-OFDM systems. The way the various preambles are compared, in terms of MSE performance, is detailed in Section III. Necessary for the paper definitions and results are summarized in Section IV. Section V is devoted to the comparative study of the full versus the sparse preamble vectors, for both the OFDM/OQAM and CP-OFDM systems. The use of P > L h pilot tones in a sparse preamble is investigated in Section VI. Our results concerning the various scenarios of including data with the preamble are briefly presented in Section VII. In Section VIII, the MSE performances of the optimal sparse preambles associated with the two systems are compared. An error floor analysis concerning the OFDM/OQAM system is presented in Section IX.
Simulations results are reported in Section X. Section XI concludes the paper.
Notation. Vectors and matrices are denoted by bold lowercase and uppercase letters, respectively. Superscripts T and H stand for transposition and conjugate transposition. The complex conjugate of a complex number z is denoted by z * . Also,  = √ −1. · is the Euclidean norm. For a matrix A, (A) i,j denotes its (i, j) entry. The expectation and matrix trace operators are denoted by E(·) and tr(·), respectively. I m denotes the mth-order identity matrix, while 0 m×n is the all zeros m × n matrix.
II. SYSTEM MODELS
In this section, basic definitions of the CP-OFDM and OFDM/OQAM system models are presented, along with some basic concepts that will be used in the sequel.
A. CP-OFDM
Given M subcarriers, the result of the OFDM modulation of a (complex) M × 1 vector x is
where F is the M × M DFT matrix, with entries (F ) i,j = e 
Assume that the CP length is chosen to be the smallest possible one, namely equal to the channel order: ν = L h − 1 [19] . Moreover, perfect timing and frequency synchronization is assumed. The channel impulse response (CIR),
, is assumed to be constant over the duration of an OFDM symbol. The input to the OFDM demodulator, after the CP removal, can then be expressed as
where H is the Toeplitz circulant matrix with the first row given by
and w is the noise at the receiver front end and it is assumed to be white Gaussian with zero-mean and variance σ 2 . The action of the DFT (FFT) then results in
where
M ml , m = 0, 1, . . . , M − 1 is the M -point channel frequency reponse (CFR) and
F w is the frequency domain noise, with the same statistics as w. The CFR estimates, in the least squares (LS) sense, can then be computed asĤ
B. OFDM/OQAM
The baseband discrete-time signal at time instant l, at the output of an OFDM/OQAM synthesis filter bank (SFB) is given by [21] :
where a m,n are real OQAM symbols, and
" e ϕm,n , with g being the real symmetric prototype filter impulse response (assumed here of unit energy) of length L g , M being the even number of subcarriers, and ϕ m,n = ϕ 0 + π 2 (m + n) mod π, where ϕ 0 can be arbitrarily chosen 4 [21] . The filter g is usually designed to have length L g = KM , where K, the overlapping factor, takes on values in 1 ≤ K ≤ 5 in practice. The double subscript (·) m,n denotes the (m, n)-th time-frequency (TF) point. Thus, m is the subcarrier index and n the OQAM symbol time index. 5 The pulse g is designed so that the associated subcarrier functions g m,n are orthogonal in the real field, that is
where δ i,j is the Kronecker delta (i.e., δ i,j = 1 if i = j and 0 otherwise). This implies that even in the absence of channel distortion and noise, and with perfect time and frequency synchronization, there will be some intercarrier (and/or intersymbol) interference at the output of the analysis filter bank (AFB), which is purely imaginary, i.e., 
4 For example, in [21] , ϕm,n is defined as (m + n)
and it is known as intrinsic interference [9] . Adopting the commonly used assumption that the channel is (approximately) frequency flat at each subcarrier and constant over the duration of the prototype filter [13] , which is true for practical values of L h and L g and for well time-localized g's, one can express the AFB output at the pth subcarrier and qth OFDM/OQAM symbol as:
where H p,q is the CFR at that TF point, and I p,q and η p,q are the associated interference and noise components, respectively. One can easily see that η p,q is also Gaussian with zero mean and variance σ 2 .
For pulses g that are well localized in both time and frequency, the interference from TF points outside a
neighborhood Ω p,q around (p, q) is negligible. If, moreover, the CFR is almost constant over this neighborhood, one can write (7) as
When pilots are transmitted at (p, q) and at points inside its neighborhood Ω p,q , the quantity in (9) can be approximately computed. This can then serve as a pseudo-pilot [13] to compute an estimate of the CFR at the corresponding TF point, asĤ
With a well time-frequency localized pulse, contributions to I p,q only come from the first-order neighborhood of
}. This arises when we place three adjacent pilot tones at positions (p − 1, q), (p, q), (p + 1, q) and zeros at the rest of the first-order neighborhood positions or when we place nonzero pilot tones at all positions in the preamble vector and zero vectors around it. If we abuse OQAM modulation (only in the preamble vector) by transmitting the complex symbols a p,q e θ , p = 0, 1, . . . , M − 1, θ ∈ {0, π, ±π/2}, then, for an arbitrary p, the corresponding pseudo-pilot becomes:
which is real. This is because by using the same phase factors e θ in all the subcarriers we get:
If the first-order neighbors of (p, q) carry unknown (data) symbols, one cannot approximate the imaginary interference in (9) . However, by properly choosing one of the neighboring symbols, say at the point (r, s), this interference can be forced to zero. Then the pseudo-pilot in (9) becomes real and equal to a p,q . The pilot at (r, s)
is then known as a help pilot [9] .
III. A FAIR COMPARISON FRAMEWORK
For the CP-OFDM system, the preamble structure will consist of one complex vector symbol, as it is common in the literature [19] . Note that each complex CP-OFDM symbol is equivalent to two real vector symbols in the OFDM/OQAM system. We consider an equivalent preamble structure for the OFDM/OQAM system, which consists of one nonzero training vector followed by a zero vector symbol. The latter aims at protecting the nonzero part of the preamble from the intrinsic interference due to the data section of the frame [13] . Note that in wireless standards (e.g., WiMAX [2] ), there are sufficiently long guard periods between the uplink and downlink subframes and between frames. Thus, there is no need to worry about intrinsic interference on the preamble vector from previous frames. Let us make this more clear:
Definition 1: Let a preamble structure consist of a number of training vector symbols with only one of them being nonzero. This nonzero vector will be called the preamble vector.
Let T 1 , T 2 be the sampling periods at the SFB outputs for two OFDM systems. Assume that the minimum required number of SFB output samples to reconstruct the preamble vector at the receiver is R 1 , R 2 for each system, respectively. Then the following quantity will be needed in making a fair comparison of the two preambles:
Definition 2: The training power ratio for the preamble structures of two systems is defined as:
are the energies of the corresponding preambles at the SFB outputs in the minimum sample numbers
Note that, if the two systems are of the same type, then T 1 = T 2 and the sampling periods can be omitted in the last definition. We can now clarify what will a fair comparison will be:
Remark: Assume that p 1 , p 2 are different preamble structures in two systems. Then in order to guarantee a fair comparison between these two preamble structures, it is necessary that TPR p 1 ,p 2 = 1. In other words, we will require that the systems under comparison spend the same power on the training data at the transmit antenna. If the training power ratio is not equal to one, we can scale the output of the SFB for the second preamble by √ TPR
to equalize the training powers for the two preamble structures.
IV. SUMMARY OF DEFINITIONS AND USEFUL RESULTS
Throughout this paper, we make the assumption that M/L h is an integer number, with M being (as usually in practice) a power of two. The channel length, L h , will thus also be assumed to be a power of two. 6 Moreover, we will assume (as usual) that we have a sample-spaced channel [6] and that the nonzero part of the CIR is concentrated on its first L h taps.
Definition 3:
By sparse preamble vector we will mean an M × 1 training vector containing L h isolated pilots and zeros at the rest of its entries.
Definition 4:
A preamble vector will be said to be full if it contains pilots at all of its entries.
Definition 5:
A preamble vector with L h isolated pilots and data symbols at the rest of its entries will be called sparse-data preamble vector.
The following results will be useful in the sequel, hence we briefly summarize them here. Their proofs are in the appendices.
Theorem 1: For CP-OFDM, the sparse preamble that minimizes the MSE of the CFR estimates (3), subject to a constraint on the energy of both the useful part of the transmitted signal and the CP, consists of equispaced and equal pilot tones.
Proof: See Appendices I, II.
Remark. Recall that the MSE-optimal sparse preamble for CP-OFDM is built with equispaced and equipowered, not necessarily equal pilots, if for the training energy the CP part is not included [19] . However, at least in theory this is not fair since the total amount of energy actually spent for training includes the transmission of the CP as well. According to Theorem 1, if the preamble optimization is to be performed in a fair way, then the pilots should necessarily be all equal. Of course, such a preamble would suffer from a high PAPR. In practice, this can be overcome by transmitting equipowered instead of equal tones, at the expense of a small (practically negligible) performance loss.
Although the above result holds true for the corresponding full preamble as well, we also prove that:
Theorem 2: There are full preambles for the CP-OFDM system that are MSE-optimal subject to a total energy budget both on the useful part of the transmitted signal and the CP, which result in equipowered but unequal pilot tones.
Proof: See Appendix III.
This result indicates that we can construct optimal full preamble vectors that do not suffer from high PAPR values.
The construction proposed in Appendix III is not unique and might be generalized. However, the proposed algorithm provides an infinite possible number of such full preamble vectors, verifying that a low PAPR full preamble vector construction is possible.
For the OFDM/OQAM system, the corresponding results are:
Theorem 3: For OFDM/OQAM, the sparse preamble that minimizes the MSE of the CFR estimates (10), subject to an energy constraint, is built with equispaced and equipowered pilot tones.
Proof: See Appendix IV.
Theorem 4:
Full OFDM/OQAM preambles with all equal pilots are locally MSE-optimal subject to a transmit energy constraint. Their global MSE-optimality is assured when the transmit energy constraint is translated at the input of the SFB.
It should be noted that, for the OFDM/OQAM system, the pilot symbols incorporate the corresponding phase factor e ϕm,n . In view of the above results, preamble vectors containing equal symbols are the only or one of the optimal solutions. For the sake of analytical convenience, optimal preambles will henceforth be assumed to consist of all equal pilots.
, be the set of indices of the nonzero pilot tones in the sparse preamble. We denote by I L h the set {0, 1, . . . , M − 1} \ I L h of the remaining indices. Then, the full preamble vector can be written as:
where 
A. OFDM/OQAM
The output of the SFB corresponding to the preamble section is then given by (cf. (4) with n = 0):
with the nonzero samples located at
Incorporating the phase factors e ϕm,0 into the real-valued symbols a m,0 , we obtain the complex training symbols x m,0 = a m,0 e ϕm,0 . Then imposing the restriction that all the training symbols are equal, the phase factors can also, without loss of generality, be considered all equal, say e ϕ . Note that the requirement of equal symbols essentially leads to an abuse of the OQAM modulation, however this happens only in the preamble section. This has already been used in [15] in order to enhance the channel estimation performance. Using equal symbols of magnitude E OQAM x , the last expression is then written as:
. We may stack the nonzero output samples, corresponding to the preamble vector, to get
where s
OQAM . The energy of the SFB output corresponding to the full preamble can be expressed as:
while the energy of the sparse preamble as:
as it easily follows from the analysis in Appendix IV. A proper analytical description for the quantity β, related to the intrinsic interference from adjacent subcarriers, will be given later on. The power ratio for the full and sparse preamble structures of the OFDM/OQAM system is thus given by
where the superscript f, s stands for the words f ull over sparse.
Next, we will evaluate the channel estimation performance of the two preambles in the frequency domain. Let us first consider the sparse preamble. The outputs of the AFB at the pilot positions are given by:
For the sparse preamble to be meaningful, there should hold that M/L h ≥ 2. If the pulse is well-localized in frequency, we can assume that the received training samples are uncorrelated, since none of them belongs to the first-order neighborhood of the rest. Therefore, the maximum likelihood (ML) estimator coincides with the LS estimator, and the CFR can be estimated as:
Stacking these estimates in the vectorĤ L h and recalling our assumption of a sample-spaced channel, we can obtain an estimate of the CIR as:ĥ
consisting of its first L h columns and its rows corresponding to the indices in I L h . The CFR at all M subcarriers can then be recovered by:
, the MSE of the latter estimator is given by:
Special care is needed in the full preamble case. For the assumed construction of the preamble and with a well frequency-localized pulse, we can express each output sample of the AFB by:
where the same arguments as in the derivation of eq. (11) (needed for causality purposes [21] ) and due to its dependence on m. Let us consider the first case, although handling the second case is equally straightforward. In the light of these facts, we can see that:
The MSE expression for the full preamble is thus easily seen to be given by:
To make the comparison between the two preambles fair, we have first to equalize the powers at the outputs of the SFB's. Scaling the output of the SFB for the sparse preamble by TPR f,s OQAM , we achieve this goal. The previous analysis holds as is, with the only difference that the MSE for the sparse preamble is now given by:
and the ratio of the two MSE's becomes:
Hence, in a dB scale, the sparse preamble is 10log 10 {M/[L h (1 + 2β)]} better than the full preamble.
B. CP-OFDM
By (2), and due to the complex field orthogonality of the DFT, the ML estimates of the CFR will again coincide with the LS estimates and will be as in (16) . The analysis performed for the OFDM/OQAM sparse preamble applies also in the CP-OFDM sparse preamble case. Assuming that we transmit pilots of modulus E QAM x , the MSE expression for the sparse preamble will be:
which coincides with the MSE expression for the full preamble. Once more, to make a fair comparison, we have to evaluate the power ratio in this case. Using (1) and (13), the energy transmitted with the full preamble vector is
where F M×ν is the M × ν matrix consisting of the last ν columns of F . Clearly,
. To evaluate the CP energy, we will need the following:
Lemma 1: For the matrix F M×ν , the following relationships hold:
Proof: For the first relationship, we have:
For the second one: Consequently, since x has been assumed to be of the form x1 M , with |x| = E QAM x , the CP energy in (20) is zero and hence:
For the sparse preamble:
Obviously,
and for the CP part:
where we have used the fact that
Thus, the training power ratio for CP-OFDM is:
Scaling by TPR f,s QAM the output of the SFB for the sparse preamble, the associated MSE changes to:
and, finally, the ratio of the MSE's for the two preambles is given by:
The last equation shows that the sparse preamble has a 10log 10 (M/L h ) dB better MSE performance than the full preamble. However, as it is shown below, this performance difference can be eliminated if the fact that the CIR is concentrated on L h taps is exploited in the estimation procedure.
C. A Certain Processing to Equalize the Performances
Consider the previous analysis for the sparse and the full CP-OFDM preamble vectors. The estimates provided by the full-preamble vector can be viewed as being of the form:
where ǫ is an M × 1 error vector, of zero mean and covariance I M . Consider the MSE for this preamble:
To convert this estimate to the time domain, we apply toĤ the transformation F
we want to bring it back to the frequency domain, we have to apply to the obtainedĥ the transformation F M×L h .
This amounts to applying the transformation
to the originally computedĤ.
The MSE is now given by:
and therefore (26) now simplifies to:
Thus, this kind of processing thus leads to scaling the ratio of the MSE's by M/L h . In Appendix V, we show that the corresponding effect for OFDM/OQAM is approximately equivalent to scaling the full preamble MSE by
Thus, applying this processing in the full preamble-based estimates in the OFDM/OQAM system, we again obtain:
Remarks:
projectsĤ onto the space of M -point CFR's with CIR's of length L h . This has the effect of suppressing the estimation noise in the impulse response tail. In fact, the previous processing can be seen to be equivalent with constrained LS [7] .
2) The previous analysis only holds for sample-spaced channels [20] .
3) The MSE equivalence of full and sparse preambles is valid only for optimal preambles.
VI. DO WE NEED MORE THAN L h PILOT TONES?
Let us now consider using a sparse preamble with P > L h equispaced and equal pilots to estimate the channel and compare its performance with that of the sparse preamble containing only L h pilots as before. For the OFDM/OQAM system, this preamble is still a sparse preamble so the optimality of equispaced and equipowered symbols holds as well. For the OFDM/QAM system, if the CP length is P − 1, the sparse preamble with equispaced and equal pilot tones is the only optimal solution (see App. I,II). If the CP length is L h − 1, the sparse preamble with equal and equispaced pilot tones is the optimal one as it is verified by the following analysis. The basic assumption is that M/P is an integer. Additionally, P < M , since otherwise we end up with a full preamble. Based on our assumptions on M, L h , it is easy to see that P/L h is an even integer. Also, the placement of the P pilots follows the optimal rule, i.e., the nonzero subcarriers belong to any one of the sets
A. OFDM/OQAM
One can easily verify (cf. (15) ) that the training power ratio for P pilots over L h pilots is:
Since M/P ≥ 2, the spacing of the pilots in the preamble vector is larger than the size of the first-order neighborhood in the frequency direction. Relying again on the good frequency localization of the pulses, we can assume that there is almost no interference among the pilot symbols. To convert the P CFR estimates to the time domain, we use in this case the transformation F
consisting of its first L h columns and its rows corresponding to the indices in I P . Then, the MSE for the sparse preamble with P pilots is given by:
where C P is the analogue of C L h in this case. In view of the equal spacing of the P pilots, we have F
Using these results in the last expression, we obtain:
For the sparse preamble with L h pilots, (17) holds and hence, after the power equalization dictated by (28),
B. CP-OFDM
For CP-OFDM, the analysis is similar. The MSE's are then given by:
For the sparse preamble with P pilots, the energy at the output of the SFB is given by E
, where x P is the preamble vector containing P equal pilots at positions dictated by I P and zeros elsewhere. It is easy to see that E Ps QAM = P E QAM x since, with a CP of length ν = L h − 1,
as before. The training power ratio is easily shown to be TPR P,Ls QAM = P/L h in this case as well, and therefore:
Remark. It thus turns out that using more pilot tones than suggested by the channel length would not result in any performance gain. Observe that this MSE equivalence again only holds for optimal (with equispaced and equal/equipowered pilot tones) preambles.
VII. INCLUDING DATA IN THE PREAMBLE
What if the inactive tones in a sparse preamble are employed to carry data symbols? That would help saving part of the bandwidth consumed for training. In such a context, and in order to make a fair comparison between the preambles, the data power will not be considered as part of the training energy. This is because the data transmission is a benefit of the mixed (sparse-data) preamble. With this consideration, the implications of using such a preamble in each OFDM system can be easily explored using the previous analysis. We summarize some main results for the case when the data symbols have the same modulus with the training symbols. The case of a different pilot-to-data power ratio can be similarly handled.
A. OFDM/OQAM
For this system, we consider two different preamble constructions, keeping the definition of the sparse preamble as we have done so far:
1) Preamble with a nonzero vector followed by a zero side vector:
For this preamble, we have to consider two cases:
Scenario 1: The preamble vector contains data at all positions dictated by I L h . Since the data power is not taken into account in the equalization of the powers at the SFB outputs, the sparse-data and the sparse preambles result in the same training power at the output of the SFB. However, it can be easily proved for the resulting MSE that:
The last formula for MSE sd OQAM also implies that as σ 2 −→ 0 (or SNR −→ ∞), the sparse data estimate will present an error floor, i.e.,
We have data at all positions dictated by I L h , except for the positions around the pilot tones. In this case, the implicit assumption is that M/L h ≥ 4. Then, according to our assumptions, the intrinsic interference term in the previous scenario disappears and MSE there is no need to use help pilots. Obviously, the sparse preamble and this preamble use the same training power.
Since they will both use the same processing to get the channel estimates, they will lead to the same MSE.
Scenario 2: The first column contains the pilots and data at all other positions except for the positions adjacent to the pilots. The side column contains data and the help pilots at the aforementioned positions. Caution is then needed in the time durations we need to observe each preamble to collect the training energy. For the sparse preamble, this is L g samples, while for the sparse-data preamble it is L g + M/2 samples. After some algebra, it can then be shown that the corresponding power ratio is:
B. CP-OFDM
In this context, x L h is replaced in x by x d , which contains equiprobable, zero mean, constant modulus, uncorrelated data symbols at the positions dictated by I L h . The expected value of the energy transmitted is given
by:
included, since it represents the energy in the CP section due to the data, used by the receiver to eliminate the (intercarrier and intersymbol) interference at all, data and pilot, positions. In view of our assumption of uncorrelated data, we obtain:
The power ratio in this case is defined as:
and hence:
From the previous analysis, it follows that the sparse preamble is generally the best choice for the preamble structure, in both OFDM systems. Let us then compare the estimation performances of the two systems, when using optimal sparse preambles, and with the same transmitted power for training. Clearly, in both cases the same model for the received signal, eq. (2), will hold. Moreover, if the spacing of the pilots, M/L h , is large enough (theoretically equal to or larger than 2), the noise components at the corresponding outputs of the AFB for the OFDM/OQAM system will be uncorrelated. If we do not equalize the powers at the SFB outputs, the two MSE's will obviously be related as MSE 
We have previously seen that
The OFDM/OQAM sparse preamble generates L g nonzero samples at the output of the SFB, while the CP-OFDM sparse preamble yields M + ν = M + L h − 1 samples. The sampling rate at the output of the SFB's is the same for both systems. Hence, to equalize the energies per time unit for the two schemes, we have to form the power ratio as follows:
and finally
For example, let L h = 32. Then, for L g = M , the CP-OFDM sparse preamble turns out to be superior to the corresponding OFDM/OQAM sparse preamble, while for L g = KM , with 2 ≤ K ≤ 5, the OFDM/OQAM sparse preamble is approximately 3 − 9 dB better.
Remarks.
1) Note that (M + L h − 1)/L g is the ratio of the time durations of the transmit pulses employed by the two systems.
2) The performance difference can be even greater if we want to achieve a lower PAPR in the CP-OFDM system.
We will then have to use unequal equipowered pilots, which leads to a slightly worse performance of the CP-OFDM sparse preamble.
3) Nevertheless, at the cost of increasing the bandwidth in the OFDM/OQAM system, the OFDM/OQAM and CP-OFDM sparse preambles can become MSE equivalent, in the following way. Note that, due to the good time localization of the OFDM/OQAM pulse, there is always a subinterval of the total pulse duration in the OFDM/OQAM system with the same length as the CP-OFDM modulator output, that carries almost all of the energy of the pulse. In view of the even symmetry of g, we can consider the subinterval
] around its center, where ⌈a⌉ denotes the smallest integer that is not smaller than a. Then, for practical values of M, L h , it can be easily verified than:
Therefore, we only need to observe this interval to approximately reconstruct the preamble vector at the receiver. Then the transmit pulses in the two systems have approximately the same duration (albeit with OQAM bandwidth increased), thus leading to almost the same MSE performance for the two sparse preambles.
Again, the OFDM/QAM sparse preamble can be slightly better if we use unequal equipowered pilots in the CP-OFDM sparse preamble for a lower PAPR.
4) This last comparison setup does not affect any of the previous results, since we have always compared preamble structures for the same system and therefore the same pulse duration. We only need to be careful in the last two scenarios of Section VII for the OFDM/OQAM system. For Scenario 2, it can be seen that,
for sufficiently large L g ,
The same result also holds in Scenario 3. This shows that the last comparison setup reduces the MSE differences in the sparse-data case.
IX. ERROR FLOOR ANALYSIS FOR OFDM/OQAM AND CP-OFDM SYSTEMS
The fact that the intrinsic interference is a part of the error signal dependent on transmit signal components, indicates the existence of an error floor behavior of the perfromance curves for the OFDM/OQAM system. In CP-OFDM , there is not such a problem due to the orthogonality of the DFT transformation and the use of the CP. This orthogonality eliminates the interferences coming from the neighboring symbols on each pilot symbol.
However, the OFDM/OQAM system possesses orthogonality only in the real field. Therefore, interferences to each subcarrier symbol coming from the neighboring subcarrier symbols are inevitable in the presence of a complex CFR.
Generally speaking, the interference is minimized for large M and small K. Large M leads to better localization in the frequency domain, while small K minimizes the number of overlapping OQAM vector symbols in the temporal direction. We will analyze the error floor behavior of both systems to prove the aforementioned claims.
First, note that the process of estimating the channel in N ≥ L h (N ≤ M ) positions in the frequency domain, then finding the CIR by translating these estimates to the time domain, and finally obtaining the channel gains at all subcarriers through a DFT operation, is essentially a DFT interpolation of the original frequency domain estimates.
The CFR coefficients, originally estimated through the LS estimator, can be expressed as H N = F N ×L h h, where to estimate the channel comes from a usual assumption in the OFDM/OQAM system, namely that the channel gain can be considered to be constant in the first-order neighborhood of m, especially if M is large and K is small. In this case, the received model can be approximated by y m ≈ H m (a m + s m ) + η m , which justifies the second way of estimating the desired channel gain. In our analysis, and for the case that M/N ≥ 2, we will use the first way of estimating the channel, because we do not have to assume anything about first-order neighborhoods or other approximations. In this way, our analysis becomes exact.
Assuming that the noise is zero mean and its variance is σ 2 , we obtain
, where the channel is considered to be an unknown but otherwise deterministic quantity and the training symbols deterministic quantities. Here E[·] denotes the expectation operator w.r.t. the noise statistics. The MSE for the above estimate is
given by:
The last equation justifies the existence of an error floor for the OFDM/OQAM system, since, as σ 2 −→ 0, For the case that M/N = 1, i.e., for a full preamble, we will use the second estimate for the OFDM/OQAM system. This estimate leads to better performance as it has been shown in [13] We may now stack the N estimates of the channel gains for the OQAM system to obtain the N × 1 vector
We then have
, where i 0 ∈ {0, 1, . . . , M/N − 1}. It can be easily shown that:
where w 3 = 
This is the case of the full preamble. Then: 
Thus, the error floor is given in this case by:
Remarks:
1) There is one more source of error floor generation. This is the channel length. If the channel length is too large, then the received signal models for the OFDM/OQAM system used in this paper and in the literature do not hold any more. We do not assume such a degenerate case in our analysis or in the simulation section.
2) The above analysis holds only for sample-spaced channels. There is an extra floor generating mechanism if the channel is nonsample-spaced.
X. SIMULATIONS
In this section, we present simulation results to verify our analysis. The channel follows the veh-A model [2] .
The CIR is initially generated with 29 taps and then zero padded to the closest power of two, that is, L h = 32 taps. We plot the normalized MSE (NMSE), i.e.,
The curves are the result of averaging 200 channel realizations. For each channel realization, 300 different noise realizations are considered. QPSK modulation is employed.
A. CP-OFDM
The results are for M = 1024 subcarriers and a CP length ν = 31. Fig. 1a shows the NMSE performance of the CP-OFDM system for the full and sparse preambles, where for the full preamble we use the CFR estimates as in (3) . We observe that the performance of a sparse preamble with L h equispaced and equal pilot tones is much better. Note that the difference of the performances in theory should be 10 log 10 (M/L h ) = 15.05 dB, which can be seen to agree with the simulation. This difference is independent of the SNR value, which justifies the fact that the curves are parallel. Fig. 1b depicts the result of the processing described in Section V-C. As expected, the two preambles lead then to the same performance. Fig. 2 presents the performance of the sparse preamble with L h pilots versus a sparse preamble with P = 2L h pilots, before and after the power equalization. The latter preamble performs better before the power equalization, since it leads to the transmission of more power. After the equalization of the powers, the two preambles perform similarly, as expected. In Fig. 3 , the sparse and sparse-data preambles are compared. We observe that the sparse preamble is better when the transmit power is the same in both cases. The difference between the curves can be easily checked to approximately follow the theoretical results. For example, for M = 1024 and L h = 32, the theoretical value of the performance difference is 2.87 dB, which shows up in the figure.
B. OFDM/OQAM
For the OFDM/OQAM system, and using filter banks given in [17] , [4] , Fig. 1 translates to Fig. 4 . The differences between the curves before and after the power equalization can be easily checked to be in accordance with the analytical results. For M = 1024, L h = 32, K = 4 and the adopted pulse g, the theoretical difference before the power equalization is 10 log 10 {M/[L h (1 + 2β)]} ≈ 12.5 dB, which can be seen in Fig. 4a. In Fig. 4b , the performances are similar, verifying the result proved in Appendix V. The performance of the sparse preamble with P = 2L h pilots is compared to that of the sparse preamble with L h pilots in Fig. 5 . For the mixed sparse-data case, we choose to implement Scenario 3 as described in Section VII-A.2. This is the most involved among the sparse-data scenarios in the OFDM/OQAM system and an example for this is provided in Fig. 6 . Note the error floor in the sparse-data scenario.
C. Comparison
The sparse preambles for the CP-OFDM and OFDM/OQAM systems are compared in Fig. 7 . The superior- 
XI. CONCLUSIONS
Optimal preamble design for LS channel estimation in CP-OFDM and OFDM/OQAM systems was addressed in this paper, for both full and sparse preambles. In contrast to earlier related work on CP-OFDM, the energy spent for the CP transmission was also taken into account when assessing the energy budget for training. This turned out to lead to the requirement of equal instead of simply equipowered pilot tones for the CP-OFDM sparse preamble.
Equipowered and equispaced pilot tones were shown to comprise the optimal sparse preamble for OFDM/OQAM. Possible gains from loading data on the inactive subcarriers of a sparse preamble were also investigated. The sparse preamble with as many pilot tones as channel taps turned out to be generally the best choice in terms of both estimation performance and economy. The OFDM/OQAM optimal sparse preamble was compared with that of CP-OFDM and shown to allow for a significantly better performance, provided the whole pulse is transmitted when training. Nevertheless, it will perform similarly to CP-OFDM, at the cost of bandwidth expansion, if the tails of the (well time-localized) pulse are left out in the transmission of the preamble. Apart from the bandwidth difference between the two systems, this shows the fundamental structural similarity of the two systems. Our analytical results were confirmed via simulations.
APPENDIX I CP-OFDM: SPARSE PREAMBLE WITH EQUISPACED AND EQUAL PILOT TONES
It was proved in [19] , [3] that a sparse preamble of L h pilots is MSE-optimal subject to a training energy constraint when it is built with equipowered and equispaced pilot tones. That energy constraint did not include the energy spent for CP. Our goal here is to determine the optimal sparse preamble when the training energy includes the CP energy as well. 
where ε is the L h × 1 vector with
L h first columns and its rows corresponding to the indices in I L h . Thus, the MSE of the above estimate is given by
Without loss of generality, we can order the diagonal elements of C L h in descending order, as follows
:
with equality if and only if the matrix in the brackets is diagonal. Let the eigenvalue decomposition (EVD) of
To optimize the selection of F L h ×L h , we must find the optimal placement of the pilots in the training vector. This choice will determine U and Λ. In order to satisfy (39) with equality, we have to make a placement that yields
It is known [19] , that a placement of the pilot tones with this property is the equidistant one. We will focus on this placement now to find its optimal pilot tones. In the next appendix, we show that the sparse preamble just obtained is the globally optimal one.
After the CP insertion, the energy reaching the transmit antenna is given by:
Thus, the optimization problem we have to solve is stated as:
where I e L h is any (yet fixed) of the M/L h equispaced placements of the pilot tones and E the total transmit energy available for training.
Proposition 1: An optimal solution for the problem (40), (41) is given by equal symbols. This yields a local minimum of the constrained problem.
Proof: Forming the Lagrangian function for the above problem, we get:
where µ is the Lagrange multiplier. 7 Setting the gradient of J to zero, we obtain:
Multiplying by x im and summing over m, µ can be found
where we have used the constraint with equality.
Consider the preamble vector with equal training symbols. Then by the energy constraint we can easily find that
, since the CP energy part vanishes (cf. (24)). We can check that the Lagrange equations are jointly satisfied by this point:
Furthermore, it can be easily checked that the Hessian in a neighborhood of (x, x, . . . , x) is always positive definite.
Hence, the equal training symbols lead to a local minimum in our optimization problem.
To show this, we have:
For an arbitrary vector y in the feasibility set of our optimization problem, we can write:
Furthermore,
where in (a) we have used the Cauchy-Schwartz inequality, thus
We can write:
The positivity of the Hessian is satisfied if
which holds for any L h ≥ 1.
The resulting (time-domain) MSE is:
CP-OFDM: THE CLASS OF EQUISPACED AND EQUAL PILOT TONES ACHIEVES THE GLOBAL MINIMUM MSE
In Appendix I, we proved that the class of equal training symbols is globally optimal for the CP-OFDM sparse preamble, when the pilot tones are equispaced. We now prove that this is also a globally optimal solution.
We will rule out the possibility that nonequispaced pilot tones can yield a lower MSE than the class of equispaced and equal training symbols. Consider again the MSE expression (38). We want to minimize this, subject to the
It is obvious that since the CP is a wasted part of energy, the MSE would be minimized if somehow we were able to collect all the energy of the CP and put it in the useful part, namely the first sum of the constraint. To obtain the minimum MSE we can possibly imagine, we consider the relaxed problem:
s.t.
However, it is known [19] , [3] that the optimal solution for this problem is the sparse preamble of L h equispaced and equipowered pilot tones. The minimum achievable MSE is
E . This is also achieved by a sparse preamble of equispaced and equal pilot tones in the previous appendix. Therefore, we only need to verify that this is the unique class of sparse preamble vectors that achieve this minimum MSE. This is equivalent to proving that the class of sparse preambles with equispaced and equal pilot tones is the only one that zeroes the CP energy.
where I L h is now any set of the form Proof: The general entry of the above submatrix is given by:
and similarly for j. Obviously,
with the assumptions made previously for M, L h . But:
of Proposition 1, we give the genie-aided problem (42)-(43) which achieves the minimum MSE for any sparse preamble. This minimum MSE is known to be L h σ 2 /E [19] , [3] . Thus, we only need to verify that the class of equispaced and equal symbols is the unique MSE-optimal class for the sparse preamble design. This is shown as above.
APPENDIX III CP-OFDM: OPTIMAL FULL PREAMBLE VECTORS WITH EQUIPOWERED PILOT TONES
The MSE expression (in the time domain) for the full preamble is
where C M is the estimation noise covariance matrix, which is diagonal, with diagonal entries of the form σ 2 /|x m | 2 ,
To obtain this expression, we have used the pseudo-inverse F
to translate the CFR estimates to the time-domain and the fact that F
here we do not face an optimal placement problem. Also,
elements all equal to L h . Thus, the above MSE can be written as
Our problem then is to minimize this MSE subject to the constraint
We already know that the training vector with all equal symbols is a global minimizer for that problem. In that
In the following, we show that there are also optimal full preamble vectors with simply equipowered, not necessarily equal symbols, and demonstrate ways of constructing them.
, then x must be spanned by the first M − ν columns of the
ith column of F . We observe that simply setting x = E/M f i for any i = 0, 1, . . . , M − 1 leads to equipowered (but unequal) symbols that minimize the MSE (cf. (44)). Also, due to the orthogonality of the DFT vectors and the fact that all of them have energy equal to M , we can see that the complex numbers 
Taking the squared norm of both sides of the last equation and using the constraint on the norm of α, we obtain
Moreover, taking the first entry of u and its modulus, we can write
The last two equations are satisfiable in the following cases: First, if one of the γ's is unit modulus, say γ m , and the rest of them are zero. Then, α will have only one nonzero entry, α m , with modulus |α m | = E M . Alternatively, assume that only two of the γ's are nonzero, say γ k , γ m , with the rest of them being zero. Then, if γ k has a modulus γ, i.e., γ k = γe θ , and γ m = 1 − γ 2 e (θ± π 2 ) , both equations are satisfied. In that case, there will only be two nonzero α's,
Hence, for the rth entry of x, we will have
. This is obviously equal to E/M for r = 0, and also for
This can be seen that it implies the requirement |k − m| = 
T Clearly, for a sparse preamble, we have M/L h ≥ 2. We first show the following:
,0 , i.e., the energy transmitted for training is equal to the energy of the training vector at the AFB output of the associated ideal (channel-and noise-free) OFDM/OQAM system.
Proof:
and
The (time domain) MSE expression for the sparse preamble with L h nonzero pilot tones in the OFDM/OQAM system is the same as in the CP-OFDM system, i.e.,
. Our optimization problem can therefore be stated as follows:
where we have suppressed the temporal index 0. But the solution to this problem is known. It is the class of equipowered and equispaced pilot tones [19] , [3] .
For the full preamble, it is easy to show that the transmit training energy is not equal to the energy of the training vector at the AFB output. Using our assumption on the time-frequency localization of the prototype function, the training energy constraint can be written as: 
Using similar steps as in the proof of Proposition 1, we can easily show that the full preamble vector with all equal symbols is a minimizer of (47), (48) and the minimum achievable MSE is M σ 2 / E(1 + 2β) 2 . Furthermore, we can show that this preamble is a global minimizer of the last optimization problem, but with a constraint on the training energy at the SFB input, i.e., with a constraint of the form: 
is the full preamble with equal symbols.
Proof: To prove the statement of this proposition we can initially show that the equal symbols is a local minimizer of our optimization problem via Lagrange theory and then verify that the equal symbols lead to the minimum possible MSE. However, if we show that the equal symbols achieve the lowest MSE, the step associated with the Lagrange theory in unnecessary 9 .
We can divide the class of symbols into the following subclasses: 1a) Equal symbols, i.e., symbols of the same magnitude and phase 10 .
1b) Symbols of equal modulus and different phases (at least one symbol with different phase from the rest of the symbols in the preamble vector).
2a) Symbols of different modulus but of the same phase (at least one symbol with different modulus than the rest of the symbols in the preamble vector).
2b) Symbols of different modulus and phase (at least a symbol different from the others in the preamble vector).
The subclasses 1a), 1b) subdivide the general class of equipowered symbols and subclasses 2a), 2b) the general class of nonequipowered symbols. First, we will show that between subclasses 1a) and 1b), 1a) leads to an equal or lower MSE than that of 1b). The same holds for the subclass 2a), when it is compared with 2b).
Comparison of 1a), 1b) subclasses:
We consider a vector of equal symbols x 0 = x 1 = · · · = x M−1 = x = |x|e φ and an arbitrary vector of the form x 0 = |x|e φ0 , x 1 = |x|e φ1 , . . . , x M−1 = |x|e φM−1 . For the case of equal symbols, the arbitrary term |x| 2 (1+2β) 2 and if we assume that the constraint is satisfied with the equality, then this value becomes Mσ 2 E(1+2β) 2 . In the case of unequal symbols, the modulus is again E/M since the constraint is phase blind, thus the maximum value that can be taken by any such term is for the unequal symbols that is greater than or equal to Mσ 2 E(1+2β) 2 (essentially, we can not achieve in all cases triplets of numbers x m−1 , x m , x m+1 that are collinear and of the same directionality in the complex plane). Therefore:
In the same way:
To finish this proof, we have to show that MSE 1a ≤ MSE 2a . For the subclass 1a) we can write: Note that this holds also for the proof of Proposition 1. I.e., we can alternatively combine the results in the first two appendices, discarding the Lagrange theory step and simply verifying that the equal and equispaced symbols achieve the lowest MSE, which is equal to L h σ 2 /E. 
